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Lecture VII: Clustering: K-means and Mixtures of Gaussians
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K-means and Mixtures of Gaussians
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Paradigms for clustering /
K-means clustering /

Mixtures of Gaussians and the EM algorithm é_"
LI X) ° L]
Twpalizahon &«

Special topics in clustering

Reading HTF Ch.: 14.3, Murphy Ch.: Ch 11.[1], 11.2.1-3, 11.3, Ch 25, Bach Ch.:
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Model based clustering: Mixture models

Mixture in 1D
» The mixture density
K
) Fx) = > mefi(x)
H osd k=1
% o » fi(x) = the components of the mixture
g 0 P each is a density
008 » f called mixture of Gaussians if f, = Normaly,, s,
oo » 7, = the mixing proportions,
Sp=1Km =1, m >0.
- o s B i » model parameters 0 = (71.x, H1:k, 21:K)
» The degree of membership of point i to cluster k
7 Fre(x .
’y-dEfP[X,ECk] = L()forl:l:n,k:l:K
Mixture in 2D f(x)

(®)

» depends on x; and on the model parameters
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Criterion for clustering: Max likelihood
> denote 0 = (m1.x, ft1:, T1:k) (the parameters of the mixture model r~

Define likelihood P[D|0] = T]7, f(xi) L Leeoﬂ W\OJU
Typically, we use the log likelihood &——

10) = [ [f() = D > mefi(xi) (9)
i=1 i=1 k

vy

denote OML = arggnaxl(@)

OML determines a soft clustering v by (8)
a soft clustering ~ determines a 0 (see later)
Therefore we can write

: K-means and Mixtures of Gaussia

vvyvy v

Loss L£(v) = —1(6(7))

Maimize £
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Algorithms for model-based clustering

Maximize the (log-)likelihood w.r.t 0
» directly - (e.g by gradient ascent in 6)

» by the EM algorithm (very popular!)
» indirectly, w.h.p. by "computer science” algorithms

w.h.p = with high probability (over data sets)
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The Expectation-Maximization (EM) Algorithm

Algorithm Expectation-Maximization (EM)
Input Data D = {x;};—1.,, number clusters K
p {xi}i=1:n, number cluster: . [g#’x
r .

ialize parameters m1.x € R, p1.x € R, T1.6 € R at random " ],I,o Cpe.
erate until convergence r
& E step (Optimize clustering) fori =1:n, k =1: K
g ~ kak(x)
£ ki =
H ' £(x)
;; M step (Optimize parameters) set ', = Y 7 i, k = 1: K (number of points in cluster k)
e
) T = —, k=1:K
n
n
we = L
= T« ’
5. - o7 v (6 — ) (6 — )"
Mk

> 1.k, 1K, 21:k are the maximizers of [c(6) in (13)
> Ek e =n
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: K-means and Mixtures of Gaussia

o
>
2
Kl
8
B
&
S
S
&
o}
S
2
]
2
S
=]
<
@
4]
=
]
2
s
5
b3

The EM Algorithm — Motivation

» Define the indicator variables

denote z = {zj

i=1:n
k=1:K

1 ifieG
Zk =10 ifig G

» Define the complete log-likelihood

> Elzii] = ki
» Then

E[l(0,2)]

n K
1e(0,2) = > > zii Inmific(xi)

i=1 k=1

X

n

Z Z Elzii][In 7k 4 In fi(xi)]

i=1 k=1

X

n

n K
SOD T wiinme+ D> 0> v In fil(xi)]

i=1 k=1

i=1 k=1

(10)

(11)

(12)

(13)



» If 0 known, ~y4; can be obtained by (8)
(Expectation)

» If 4 known, Ty, i, Xk can be obtained by separately maximizing the terms of E[/c]
(Maximization)
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Brief analysis of EM EM .t Q

n K -60—4&
QR(0,7) = D > ki Inmifi(xi) @(‘/

i=1 k=1

each step of EM increases Q(6,~) g":/.-

>

> Q converges to a local maximum R

P at every local maxi of Q, 6 < ~ are fixed point -

> Q(0*,~v*) local max for Q = [(6*) local max for /()

> under certain regularity conditions § — Mt i

» the E and M steps can be seen as projections QDW%‘F

» Exact maximization in M step is not essential.
Sufficient to increase Q.
This is called Generalized EM

. 0
ge(er) = S8 & v 889
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Probablistic alternate projection view of EM

» let z; = which gaussian generated i? (random variable), X = (x1.n), Z = (z1:n)
» Redefine Q . .
Q(B,0) = K(6) - KL(P|IP(Z]X,0)
where P(X, Z|0) =TT, 1, Plzi = k]P[xi|6k]
B(Z) is any distribution over Z,

KL(P(W)I|Q(w)) = ¥, P(w) In G the Kullbach-Leibler divergence

Then,
> E step maxs Q & KL(P||P(Z|X,0)
> M step maxg Q & KL(P(X|Z, 90/d)HP(X|9))

> Interpretation: KL is “distance”, “shortest distance” = projection




The M step in special cases

» Note that the expressions for s, 2, = expressions for y, > in the normal distribution,
with data points x; weighted by ?—i’
M step
general case Ye=>", "F—:"(x,- — ) (i — )T
Y, =% Y o X SRy i =) i =) T
n
“same shape & size" clusters
STy el i — | P
Th = o2y 02 + =E k&rkl k
“round” clusters
K 2
_ 2 2 Sog Pk vkillXi—pel|
Y = o°ly o° L d

“round, same size" clusters

Exercise Prove the formulas above
» Note also that K-means is EM with X, = 0%ly, 02 — 0 Exercise Prove it
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More special cases introduce the following description for a covariance matrice in terms of volume, shape, alignment with axes (=determinant, trace,
e-vectors). The letters below mean: I=unitary (shape, axes), E=equal (for all k), V=unequal

3

N\

K-means and Mixtures of Gaussians

Ell: equal volume, round shape (spherical covariance)

VII: varying volume, round shape (spherical covariance)

EELl: equal volume, equal shape, axis parallel orientation (diagonal covariance)
VEI: varying volume, equal shape, axis parallel orientation (diagonal covariance)
EVI: equal volume, varying shape, axis parallel orientation (diagonal covariance)
VVI: varying volume, varying shape, equal orientation (diagonal covariance)
EEE: equal volume, equal shape, equal orientation (ellipsoidal covariance)

EEV: equal volume, equal shape, varying orientation (ellipsoidal covariance)
VEV: varying volume, equal shape, varying orientation (ellipsoidal covariance)
VVV: varying volume, varying shape, varying orientation (ellipsoidal covariance)

VYVYVYVYVVYYVYY
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EM versus K-means

> Alternates between cluster assignments and parameter estimation
» Cluster assignments ~yy; are probabilistic

» Cluster parametrization more flexible

15 7 \ 15}
</
10 N 10

5|

» Converges to local optimum of log-likelihood
Initialization recommended by K-logK method

»> Modern algorithms with guarantees (for e.g. mixtures of Gaussians)
» Random projections
P Projection on principal subspace
» Two step EM (=K-logK initialization 4+ one more EM iteration)



and Mixtures of Gaussians
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A fundamental result

The Johnson-Lindenstrauss Lemma For any ¢ € (0,1] and any integer n, let d’ be a positive
integer such that d’ > 4(e2/2 — £3/3)~ Inn. Then for any set D of n points in RY, there is a

map f : RY — R4 such that for all u,vevV,
(1 =)llu—vI? <If(u) = FW)II? < (L +e)lJu—vI[? (14)

Furthermore, this map can be found in randomized polynomial time.

» note that the embedding dimension d’ does not depend on the original dimension d, but
depends on n,

» show that: the mapping f is linear and that w.p. 1 — % a random projection (rescaled) has
this property

P their proof is elementary Projecting a fixed vector v on a a random subspace is the same as projecting a random vector v on a
fixed subspace. Assume v = [vq, ... vy] with v ~ i.i.d. and let ¥ = projection of v on axes 1 : d’. Then

’
E[|19]12 = d’ E[vj?] = 9 E[|]v[|?]. The next step is to show that the variance of ||7||2 is very small when d” is sufficiently large.
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Marina Meila  CS480/680 Winter 2026: Lecture VII-

A two-step EM algorithm

ow A WN

eorem

Assumes K spherical gaussians, separatlon Hu”“e - uf(’}‘e > CVdoy

. Pick K’ = O(K In K) centers 119 at random from the data

d .
. Set 09 = $ ming e || — pd, |12, 7 = 1/K’
Run one E step and one M step :> {wk,uk,ai}k:hw
Compute “distances” d(u}, py,) = M
O'kfok,

. Prune all clusters with 7Tk <1/4K’
. Run Fastest First Traversal with distances d(ui,ui,) to select K of the remaining centers.

Set m} = 1/K.

. Run one E step and one M step —> {Wi7ui70'i}k:1;}(

For any 6,& > 0 if d large, n large enough, separation C > d'/4 the Two step EM
algorithm obtains centers p so that

Il = 1| < |lmean(C{™®) — || + eoxVd

\
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Selecting K for mixture models (. Dugy Wd@@

The BIC (Bayesian Information) Criterion &Z K:Q‘g)' . kW\QK
> let Ok = parameters for yx N
> let #60x=number independent parameters in Oy = N T Pl
» e.g for mixture of Gaussians with full ¥;'s in d dimensions 9 ’%‘ 3>

#0 = K= 1+ Kd + Kd(d — 1)/ Seluck K
—— N e —
LK MLK 1K W@V\ A&,
> define %-\“}Kw&\

BIC(0x) = I(6k) — #gK Inn

> Select K that maximizes BIC(0k)
» selects true K for n — 0O and other technical conditions (e.g parameters in compact set)
> but theoretically not justified (and overpenalizing) for finite n





