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Lecture VII: Clustering: K-means and Mixtures of Gaussians

Marina Meild
mmpQuwaterloo.ca

K-means and Mixtures of Gaussians

With Thanks to Pascal Poupart & Gautam Kamath
Cheriton School of Computer Science
University of Waterloo
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Paradigms for clustering ¢/
K-means clustering /
Mixtures of Gausﬁns and the EM algorithm e-
- °f° ° U
Iwhalizahon <
Special topics in clustering

Reading HTF Ch.: 14.3, Murphy Ch.: Ch 11.[1], 11.2.1-3, 11.3, Ch 25, Bach Ch.:
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Model based clustering: Mixture models

Mixture in 1D
» The mixture density
K
) Fx) = > mefi(x)
H k=1
% o » fi(x) = the components of the mixture
g 0 P each is a density
- 005 » f called mixture of Gaussians if f, = Normalukyzk
x oo » 7, = the mixing proportions,
Sp=1Km =1, m >0.
- o s B ; » model parameters 0 = (71.x, f1:K, 21:K)
» The degree of membership of point i to cluster k
7 Fre(x .
'yk,-défP[x,-ECk] = %()forlzl:n,kzl:K
Mixture in 2D (x)

» depends on x; and on the model parameters

822 ;747 &7 o
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: K-means and Mixtures of Gaussia
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Criterion for clustering: Max likelihood

v

denote 0 = (71.x, p1:k, X1:x) (the parameters of the mixture model)
Define likelihood P[D|0] = T]7, f(xi)
Typically, we use the log likelihood /

10) = Ian(x,-) = Zanﬂkfk(x;)
i=1 i=1 k

vy

denote OML = arggnaxl(@)

OML determines a soft clustering v by (8)
a soft clustering ~ determines a 0 (see later)
Therefore we can write

L(y) = —1(6(7))

vvyvy v

has bocal

maxima,

9



Algorithms for model-based clustering

Maximize the (log-)likelihood w.r.t 0

» directly - (e.g by gradient ascent in 6)

» by the EM algorithm (very popular! )=
» indirectly, w.h.p. by "computer science” algorithms

w.h.p = with high probability (over data sets)
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The Expectation-Maximization (EM) Algorithm

Algorithm Expectation-Maximization (EM)
Input Data D = {x;}i=1,5, humber clusters K

ialize parameters m1.x € R, pu1.x € R, L. € R?*9 at random?
erate until CONVergence — swmmss = ———

E step (Optimize clustering) fori=1:n, k=1: K

s
¢ ~ ﬂkfk(X)
i W=
H ' £(x)
M step (Optimize parameters) se‘ e =30 w,-f k =1: K (number of points in cluster k)
r - e¢imate D
. = i, k=1:K n m
n

(= xﬁ"w A _[1'5 ﬂx - W’ﬁ““p Mg
. \’}QIM i=1

S0 i (% — ) O — )"
Mk

=)
>
g
8
3

Y =

> 1.k, H1:K, 21:k are the maximizers of /.(6) in (13)
> >, T =n v& 1 €% >\—‘ Zl
7(1077 &Qk, = md,tcafn 5 © -é,i&'

Marina Meila  CS480/680 Winter 2026:

lik need to be symmetric, positive definite matrices



: K-means and Mixtures of Gaussia
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The EM Algorithm — Motivation

» Define the indicator variables

denote z = {zj

i=1:n
k=1:K

1 ifieG
Zk =10 ifig G

» Define the complete log-likelihood

> Elzii] = ki
» Then

E[l(0,2)]

n K
1e(0,2) = > > zii Inmific(xi)

i=1 k=1

X

n

Z Z Elzii][In 7k 4 In fi(xi)]

i=1 k=1

X

n

n K
SOD T wiinme+ D> 0> v In fil(xi)]

i=1 k=1

i=1 k=1

(10)

(11)

(12)

(13)



» If 0 known, ~y4; can be obtained by (8)
(Expectation)

» If 4 known, Ty, i, Xk can be obtained by separately maximizing the terms of E[/c]
(Maximization)
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Brief analysis of EM

vVVyVvVYYVYY

n K
Q(977 ZZ'W(I In Tl'kfk(X,)
i=1 k=1 "—’
(/]
each step of EM increases Q(0,~) a — 8(
Q converges to a local maximum { /
at every local maxi of Q,¢ < ~ cre fixed point @’ e &J

Q(0*,~*) local max for Q = /(0*) local max for /(0)
z/

under certain regularity conditions § — @Mt
the E and M steps can be seen as projections 9’ ~—

Exact maximization in M step is not essential.

Sufficient to increase Q.
This is called Generalized EM

Converge !



Probablistic alternate projection view of EM

» let z; = which gaussian generated i? (random variable), X = (x1.n), Z = (z1:n)
» Redefine Q . .
Q(P.0) = £(o) - KL(P|IP(ZIX,0) o= ELRO
where P(X, Z|0) =TT, 1, Plzi = k]P[xi|6«]
B(Z) is any distribution over Z,

KL(P(W)[|Q(w)) = X, P(w) In G the Kullbach-Leibler divergence

Then,
> Estep maxs Q & KL(P||P(Z|X,0)
> M step maxg Q & KL(P(X|Z, 90/d)HP(X|9))

> Interpretation: KL is “distance’, “shortest distance” = projection




The M step in special cases &= dm x kglz"

» Note that the expressions for s, 2, = expressions for y, > in the normal distribution,
with data points x; weighted by 7 Wk’

M step &
general case Yy = l" 0 Ar”" (% — ) (xi — pe) T

[Ek =Y Y i 1Zk 1’Ykr(X: Br)(xi— Mk)

“same shape & size" clusters

nd Mixtures of Ga

7
_ 2 2 ol kil Ixi—pe]|
* Yy = O'kld T, = E

“round” clusters

E?:1 Eszl Vil ‘Xi_l"k | |2

_ 2 2
Yy = o°ly o g% 4 nd T W}LW/
“round, same size" clusters 50“‘-24 fﬁ a

’
7

Exercise Prove the formulas above
» Note also that K-means is EM with X, = 0%ly, 02 — 0 Exercise Prove it
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More special cases introduce the following description for a covariance matrice in terms of volume, shape, alignment with axes (=determinant, trace,
e-vectors). The letters below mean: I=unitary (shape, axes), E=equal (for all k), V=unequal

3

N\

K-means and Mixtures of Gaussians

Ell: equal volume, round shape (spherical covariance)

VII: varying volume, round shape (spherical covariance)

EELl: equal volume, equal shape, axis parallel orientation (diagonal covariance)
VEI: varying volume, equal shape, axis parallel orientation (diagonal covariance)
EVI: equal volume, varying shape, axis parallel orientation (diagonal covariance)
VVI: varying volume, varying shape, equal orientation (diagonal covariance)
EEE: equal volume, equal shape, equal orientation (ellipsoidal covariance)

EEV: equal volume, equal shape, varying orientation (ellipsoidal covariance)
VEV: varying volume, equal shape, varying orientation (ellipsoidal covariance)
VVV: varying volume, varying shape, varying orientation (ellipsoidal covariance)

VYVYVYVYVVYYVYY
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EM versus K-means

> Alternates between cluster assignments and parameter estimation
» Cluster assignments ~yy; are probabilistic

» Cluster parametrization more flexible

15 7 \ 15}
</
10 N 10

5|

» Converges to local optimum of log-likelihood
Initialization recommended by K-logK method

»> Modern algorithms with guarantees (for e.g. mixtures of Gaussians)
» Random projections
P Projection on principal subspace
» Two step EM (=K-logK initialization 4+ one more EM iteration)
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A fundamental result _‘\le]_!; v =\| {\oxeis ?\’q\f—\j\’ *
-

The Johnson-Lindenstrauss Lemma For any ¢ € (0,1] and any integer n, let d’ be a positive

integer such that d’ > 4(¢2/2 — £3/3)~Inn. Then for any set D of n points in RY, there is a

map f : RY — R4 such that for all u,vev,

(1= )lu—vI? < [If(u) = FW)I? < (L +e)l|u—vI[® (14)

Furthermore, this map can be found in randomized polynomial time.

» note that the embedding dimension d’ does not depend on the original dimension d, but
depends on n, €

» show that: the mapping f is linear and that w.p. 1 — % a random projection (rescaled) has
this property

P their proof is elementary Projecting a fixed vector v on a a random subspace is the same as projecting a random vector v on a
fixed subspace. Assume v = [vq, ... vy] with v ~ i.i.d. and let ¥ = projection of v on axes 1 : d’. Then

’
E[||9]|2 = d’ E[vjz] = %EH [v]|2]. The next step is to show that the variance of ||#||2 is very small when d’ is sufficiently large.

WM Mo\'ad J’Nieé‘i
1) Random R ol < on W%W
|
a2 PCA ‘WJM N:\L : s -
) Jiwwnﬁu /.LQS &lﬁw\le,!
. dosshers amms Gauman



A two-step EM algorithm &= K- Log k. Wil fov- K -maaas

Assumes K spherical gaussians, separatlon Hu”“e - uf(’}‘e > CVdoy
. Pick®K" = O(KInK) centers 119 at random from the data
. Set cri:%min,#k/H,uk pl |2, 7 =1/K’
Run one E step and one M step :> {wk,uk,ai}k:m«

)_ H#k Hk/H

1_,1
(et ok,

Compute “distances” d(,uk,uk,
. Prune all clusters with 7Tk <1/4K’

. Run Fastest First Traversal with distances d(ui,ui,) to select K of the remaining centers.
Set m} = 1/K.

7. Run one E step and one M step —> {Wi7ui70'i}k:1;}(

ow A WN

ing: K-means and Mixtures of Gaussians

eorem For any 8, > 0 if d large, n large enough, separation C > d/4 the Two step EM
algorithm obtains centers p so that

||Mk _ truell < Hmean(cérue) trueH +5ka

o WH&W‘-“'Q%"
IM(Q..A&“
. ¥s ?é 0,1
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ind Mixtures of Ga
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. L
Selecting K for mixture models 1. edunde A\'\(“ )

The BIC (Bayesian Information) —@Qnon -?er K=Q\3> .- kw,ax
> let Ok = parameters for yx S
> let #60x=number independent parameters in Oy Q. W K ldj -0 ‘ L
P e.g for mixture of Gaussians with full £;'s in d dimensions n\'\S b\ ¢
max
#0k =K —14 Kd +Kd(d —1)/2
M~ NV —,———
K MK ik ekiKW

» define

BIC(0k) = I(0k) — Inn

#0k
2

> Select K that maximizes BIC(0x)
» selects true K for n — 0O and other technical conditions (e.g parameters in compact set)
> but theoretically not justified (and overpenalizing) for finite n

A = hond custerng



